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Abstrat. In this paper we onsider the relation between the volume deeleration
parameter obtained within the Buhert averaging sheme and the deeleration
parameter derived from the supernova observation. This work was motivated by
reent ndings that showed that there are models whih despite Λ = 0 have volume
deeleration parameter qvol < 0. This opens the possibility that bakreation and
averaging eets may be used as an interesting alternative explanation to the dark
energy phenomenon.
We have alulated qvol in some LemaîtreTolman models. For those models whih
are hosen to be realisti and whih t the supernova data, we nd that qvol > 0,
while those models whih we have been able to nd whih exhibit qvol < 0 turn out to
be unrealisti. This indiates that are must be exerised in relating the deeleration
parameter to observations.
Keywords: dark energy theory, supernova type Ia, superlusters and voids
PACS numbers: 98.80-k, 95.36.+x, 98.65.Dx
1. Introdution
Aelerated expansion, modeled by a positive osmologial onstant, is an essential
element of the urrent standard osmologial model of the Universe. The aelerated
expansion was originally motivated by supernova observations [1℄ and is supported
by many other types of osmologial observations. Observational data is, in modern
osmology, analyzed almost exlusively within the framework of homogeneous and
isotropi Friedmann models [2℄. This analysis leads to the Conordane model, whih
provides a remarkably preise t to osmologial observations. In this situation, if the
Ehlers-Geren-Sahs theorem [3℄ and `almost EGS theorem' [4℄ are invoked‡, then it
seems that an assumption of large sale homogeneity of the Universe an be justied.
‡ These theorems imply that if anisotropies in the osmi mirowave bakground radiation are small
for all fundamental observers then the Universe is loally almost spatially homogeneous and isotropi.
However, as shown in [5℄ the almost RobertsonWalker geometry also requires the smallness of the
Weyl urvature.
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This on the other hand implies that the Universe must be lled with dark energy whih
urrently drives the aeleration of the Universe.
However the Conordane model is not the only one whih an t osmologial
observations. Anti-Copernian inhomogeneous models whih assume the existene of a
loal Gp sale void also t osmologial observations [6℄ (see [7℄ for a review). Moreover,
on small and medium sales our Universe is not homogeneous. Therefore, one may ask
whether Friedmann models an desribe our Universe orretly. In partiular, it is
important to ask what is the best way to t a homogeneous model to a realisti and
inhomogeneous Universe. This problem, known as the tting problem, was onsidered
by Ellis and Stoeger [8℄. In onsidering the tting problem, it beomes apparent that
a homogeneous model tted to inhomogeneous data an evolve quite dierently from
the real Universe. The dierene between evolution of homogeneous models and an
inhomogeneous Universe is aused by bakreation eets, due to the nonlinearity of
the Einstein equation. Unfortunately, in the standard approah, the bakreation is
rarely taken into aount  in most ases when modelling our Universe on a loal sale
Newtonian mehanis is employed and on large sales the Friedmann equations (or linear
perturbations of Friedmann bakground) are used [9℄. Suh an approah to osmology
is often enouraged by the nogo theorem whih states that the Universe an be very
aurately desribed by the onformal Newtonian metri perturbed about a spatially
at bakground, even if δρ/ρ≫ 0. In suh a ase the bakreation is negligible [10, 11℄.
However, the results obtained by van Elst and Ellis [12℄ and reently by Kolb, Marra
and Matarrese [13℄ show that the appliation of no-go theorem is limited. Therefore,
one should be aware that in the absene of an analysis of the bakreation and other
eets aused by inhomogeneities in the universe, there remains the possibility that
the observed aelerated expansion of the Universe is only apparent [14℄. The diret
study of the dynamial eets of inhomogeneities is diult. Due to the nonlinearity
of the Einstein equations, the solution of the Einstein equations for the homogeneous
matter distribution leads in priniple to a dierent desription of the Universe than
an average of a inhomogeneous solution to the exat Einstein equations (even though
inhomogeneities when averaged over a suiently large sale might tend to be zero).
Neither the analysis of the evolution of a general matter distribution nor the
numerial evolution of osmologial models employing the full Einstein equations are
available at the level of detail whih would make them useful for this problem. There
are urrently several dierent approahes whih attempt to take bakreation eets
into aount. One approah is based on exat solutions  see for example [15℄. Another,
and more popular approah is based on averaging.
In the averaging approah to bakreation, one onsiders a solution to the Einstein
equations for a general matter distribution and then an average of various observable
quantities is taken. If a simple volume average is onsidered then suh an attempt
leads to the Buhert equations [16℄. The Buhert equations are very similar to the
Friedmann equations exept for the bakreation term whih is in general nonvanishing,
if inhomogeneities are present. For a review on bakreation and the Buhert averaging
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sheme the reader is referred to [17, 18℄. Within this framework and using spherially
symmetri inhomogeneous models Nambu and Tanimoto [19℄, Paranjape and Singh [20℄,
Kai, Kozaki, Nakao, Nambu, and Yoo [21℄, Chuang, Gu, and Hwang [22℄, provided
expliit examples that one an obtain negative values of the volume deeleration
parameter even if Λ = 0. Another interesting example was presented by Räsänen
[17, 23℄ where it was shown that the total volume deeleration parameter of two isolated
and loally deelerating regions an also be negative.
There are however important ambiguities in the appliation of an averaging
proedure. The average itself not only depends on a hoie of volume but also on a
hoie of time sliing. This is very ruial in osmology. One inhomogeneities are
present the age of the Universe is not everywhere the same. Namely, the big bang in
inhomogeneous models is not a single event, so the average taken over a hypersurfae of
onstant osmi time t is dierent from the average taken over a hypersurfae of onstant
age of the Universe t− tB [24℄. Moreover, the results of the averaging proedure vary if
the disrepany between the average osmi time and the loal time is introdued (the
loal time is the time whih is measured by loal loks; the osmi time is the time
whih appears in the averaged homogeneous model). This phenomenon was studied by
Wiltshire [25℄, and has been used in an ambitious alternative onordane model. The
model proposed by Wiltshire introdues some additional assumptions whih allow to
some extent a omparison of averaged quantities with observations. Suh a omparison
shows quite good agreement with observations, [26℄. Thus, while serious fundamental
questions remain onerning Wiltshire's approah, it is another example of an approah
where one does not need dark energy to t osmologial observations.
The averaging proedure is also gauge-dependent. For example using dierent gauge
one an obtain that the bakreation mimis not dark energy but dark matter [27℄. The
averaging shemes, therefore, in the literature have been ritiized, and their inherent
ambiguities (and in some ases obsurity) have been disussed, f. e.g. [10℄. A key
point is that it is far from obvious if the average quantities, suh as the aeleration
of the averaged universe are really the quantities whih are measured in astronomial
observations. In partiular, an operational analysis is to a large extent laking in the
disussions of averaging. Thus, it is important to test the averaging proedures with
the exat and inhomogeneous solutions of the Einstein equations. Within exat models
eah quantity an easily be alulated and then ompared with its averaged ounterpart.
This paper aims to perform suh an analysis within the LemaîtreTolman model.
The struture of this paper is as follows. Buhert's averaging proedure is presented
in setion 2, and some bakground on the LemaîtreTolman model is given in setion 3.
The volume and distane deeleration parameters are introdued in setion 4. Finally,
in setion 5, we disuss the relation between the deeleration parameters, supernova
observations and models of osmi strutures.
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2. The Buhert sheme
If the averaging proedure is applied to the Einstein equations, then for irrotational and















(〈Θ2〉 − 〈Θ〉2)− 2〈σ2〉, (3)
where 〈R〉 is an average of the spaial Rii salar (3)R, Θ is the salar of expansion,
σ is the shear salar, and 〈 〉 is the volume average over the hypersurfae of onstant
time: 〈A〉 = (∫ d3x√−h)−1 ∫ d3x√−hA. The sale fator a is dened as follows:
a = (V/V0)
1/3, (4)
where V0 is an initial volume.
Equations (1) and (2) are very similar to the Friedmann equations, where Q=0,
and ρ and R depend on time only. In fat, they are kinematially equivalent with a
Friedmann model that has an additional salar eld soure [28℄. However the Buhert
equation do not form a losed system. To lose these equation one has to introdue
some further assumptions [16℄. As an be seen from (3) if the dispersion of expansion
is large, Q an be large as well and one an get aeleration (a¨ > 0) without employing
the osmologial onstant.
3. The LemaîtreTolman model
The LemaîtreTolman model§ [30℄ is a spherial symmetri, pressure free and
irrotational solution of the Einstein equations. Its metri is of the following form
ds2 = c2dt2 − R
′2(r, t)
1 + 2E(r)
dr2 −R2(t, r)dΩ2, (5)
where dΩ2 = dθ2 + sin2 θdφ2. Beause of the signature (+,−,−,−), the E(r) funtion
must obey E(r) ≥ −1/2. Prime ′ denotes ∂r.











§ The pressure free and irrotational solution of the Einstein equations for spherially symmetri spae-
time is often alled the Tolman, TolmanBondi, or LemaîtreTolmanBondi model. However, it is more
justied to refer to this solution as to the LemaîtreTolman model (f. [29℄).
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where M(r) is another arbitrary funtion and κ = 8πG/c4. Dot ˙ denotes ∂t.
When R′ = 0 and M ′ 6= 0, the density beomes innite. This happens at shell
rossings. This is an additional singularity to the Big Bang that ours atR = 0,M ′ 6= 0.
By setting the initial onditions appropriately the shell rossing singularity an be
avoided (see [31℄ for detail disussion).






= c [t− tB(r)] , (8)
where tB appears as an integration onstant and is an arbitrary funtion of r. This
means that the big bang is not a single event as in the Friedmann models, but ours
at dierent times at dierent distanes from the origin.



















thus σ2 ≡ (1/2)σαβσαβ = (1/3)(R˙′/R′ − R˙/R)2.
The spaial Rii salar in the LemaîtreTolman is equal to








4. The apparent and average aeleration
The deeleration parameter within the Friedmann models is dened as
q = − a¨a
a˙2
, (12)
where a is the sale fator. By analogy we an dene the deeleration parameter whih
is based on the averaging sheme. Substituting (4) into (12) and using (1) and (2) we
get






We refer to this deeleration parameter as the volume deeleration parameter, qvol sine
it is positive when the seond derivative of volume is negative and negative when the
seond derivative of volume is positive (and of suiently large value).
On the other hand one an introdue a deeleration parameter dened relative to
the distane. Within homogeneous models the distane to a given redshift is larger
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for aelerating models than for deelerating ones. Taylor expanding the luminosity




















(1− q)z2 +O(z3). (14)





















Thus by omparing (15) with (14), the Hubble and the deeleration parameter in the














The above quantities are dened at the origin (r = 0). However, following the Partovi
and Mashhoon [32℄ we an extend the above quantities to any r. Then, the oeients
of Taylor expansion are
dDL
dz















































We refer to this deeleration parameter as the distane deeleration parameter. Although
of physial importane is the luminosity distane and its ability of tting the supernova
data, the qdis is of great usefulness. It allows us, without solving the geodesi equations,
to easily hek whether a onsidered model an be use to t supernova data. As we will
see in the next setion, models whih t supernova data have at least in some regions
qdis < 0.
5. Connetion between deeleration parameter and observations
Let us rst fous on supernova observations. There is already a onsiderable literature
on inhomogeneous models whih are able to t the supernova observations without the
osmologial onstant [6℄. We shall examine four suh models in this setion. For eah
of these models we shall alulate the volume and distane deeleration parameters and
ompare with eah other. The four models to be onsidered present a very good t














Figure 1. The Residual Hubble diagram for models 1-4. The blak dashed line
presents ∆m for the ΛCDM model.
to supernova data. The supernova data onsists of 182 supernovae from the Riess gold
sample [33℄. The χ2 test for models 1-4 is respetively 183.6, 184.3, 164.7, and 178.5 (for
omparison the χ2 of tting the ΛCDM model is 165.3). The residual Hubble diagram
for these models is presented in gure 1. The deeleration parameters for models 1-4 are
presented in gure 2. Left panel presents the distane deeleration parameter [as dened
by (18) - where dt/dz and dr/dz were alulated for the radial geodesi℄. The distane
deeleration parameter is positive at the origin, but soon beomes negative. Moreover, a
very similar shape is obtained if instead qdis [as dened by (18)℄ qdis0 [as dened by (16)℄
is used. Thus, qdis (or even qdis0 , if treated as a funtion of r) an be regarded as a useful
test to hek if a given model is able to t supernova data. However, the most signiant
is that the volume deeleration parameter whih is presented in the right panel of gure
2 is stritly positive. Thus, the ability of reproduing the supernova data does not
require that the volume deeleration parameter is negative. This raises the question
whether the average aeleration has any relation with the observed aeleration of the
Universe; and if yes, are models with average aeleration also able to t supernova
data?
Let us now fous on models of osmi strutures. It was reently shown that
using a perturbative approah, bakreation annot explain the apparent aeleration
[34℄. However, beause of large density utuations within osmi strutures, results
obtained in terms of the perturbation framework might be questionable. Moreover,
in view of the fat that there are known examples of exat inhomogeneous models
with negative volume deeleration parameter and Λ = 0, it is worthwhile to hek if
realistially evolving models of osmi strutures an have negative values of deeleration
parameter. First, let us onsider a model of galaxy lusters with the Navarro-Frenk-
White density distribution [35℄ (left panel of gure 3). Although, the NFW prole



































Figure 2. The distane deeleration parameter (left panel) and the volume

























Figure 3. The urrent density distribution (left panel) and deeleration parameter
(right panel) for model 5.
desribes virialized systems‖ the use of this prole will prove to be very instrutive.
The average deeleration parameter qvol for model 5 is presented in the right panel of
gure 3. As an be seen in this ase the deeleration parameter is positive (urve 5a).
However, it is possible to modify this model so that the qvol beomes negative  urve 5b
in the right panel of gure 3. This was obtained by hoosing the E funtion whih is of
large positive value (for details see Appendix). However, after suh a modiation this
model beomes unrealisti. Speially, the age of the Universe in this model beomes
unrealistially small. The bang time funtion tB in this model is of large amplitude,
around 11.44× 109 y. This means that the atual age of the Universe in this model is
approximately a few hundreds of thousand years.
‖ The LemaîtreTolman model whih evolve from smooth density prole at last sattering to a high
value prole like the NFW prole is always haraterized by a ollapse  entral region within this
models are at the urrent instant ollapsing. Thus suh systems annot be onsidered as virialized
systems.


























Figure 4. The urrent density distribution (left panel) and volume deeleration





























Figure 5. The urrent density distribution (left panel) and deeleration parameter
(right panel) for model 8.
Now let us examine the volume deeleration parameter within models of osmi
voids and superlusters. Figure 4 presents density distribution of realistially evolving
osmi strutures (void  urve 6, superluster  urve 7). It an be seen from the
right panel of gure 4 that the volume deeleration parameter within these models is
positive. As above, we an modify our models in suh a way that the volume deeleration
parameter is negative, but again this leads to a very large amplitude of tB. For example,
in model 8 whose density and the volume deeleration parameter are presented in gure
5¶ the volume deeleration parameter is negative. However, the bang time funtion in
model 8 is of amplitude ≈ 11 × 109 y, whih leads to unrealistially small age of the
Universe.
¶ Employing a model of qualitatively similar features as model 8, Hossain [36℄ showed that the observer
situated at the origin in order to suessfully employ the Friedmann model has to assume the existene
of dark energy.
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6. Conlusions
In this paper we have studied the relation between the volume deeleration parameter
obtained within the Buhert averaging sheme and the deeleration parameter derived
from the observations of supernovae. This work was motivated by reent results showing
there there are models whih despite Λ = 0 and average expansion rate is aelerating,
i.e. a¨ > 0 [where a is dened by relation (4)℄. This opens the possibility that
bakreation and averaging eets may be used as an interesting alternative explanation
to the dark energy phenomenon.
We have ompared the quantities obtained within the exat and inhomogeneous
models with their average ounterparts. We foused on the supernova observations
and models of osmi strutures. For this purpose the LemaîtreTolman model was
employed. It was showed numerially that the averaging of models whih t the
supernova observations does not lead to volume aeleration (a¨ < 0 for these averaged
models and hene qvol > 0). It was also shown that realistially evolving models of
osmi strutures have also qvol > 0. It was possible to modify these model in suh
a way that after the averaging qvol < 0. This was obtained by hoosing E funtion of
positive amplitude - as was reently proved by Sussman [37℄ this is a neessary ondition
to obtain qvol < 0. However, in models with realisti density distribution, in suh a ases,
E ≫ 1≫M/R ≈ 10−7 − 10−6, hene as seen from (8) tB ≈ t (to remind c× 1010y ≈ 3
Gp). Thus, within suh models the age of the Universe is unrealistially small.
Our analysis has been performed in the limited lass of LemaîtreTolman models,
whih due to their spherial symmetry are arguably too simple to give a full
understanding of averaging and bakreation problems. However, within this lass,
we onlude that the volume deeleration parameter qvol is not a quantity whih an be
diretly related to observations.
It is possible that the volume deeleration parameter qvol beomes negative only
after averaging over the sales whih are larger than 100 Mp. On suh large sales the
struture of the Universe beomes too ompliated to be fully desribed by spherially
symmetri models. However, it is intriguing that models whih t the supernova
observations and for whih the distane deeleration parameter, qdis, is negative have
still qvol > 0. This suggest that the volume deeleration qvol does not have a lear
interpretation in terms of observable quantities. It does not, of ourse, mean that
averaging and bakreation eets annot potentially be employed to explain the
phenomenon of dark energy. However, our work here indiates that suh a potential
solution of the dark energy problem should be based upon dierent methods than
those related to volume deeleration parameter. Rather than showing that qvol < 0 the
averaging approah should explain observations  reprodue orret values of distane
to supernovae, orret shape of the CMB power spetrum, et. An interesting, quasi-
Friedmannian approah, was reently suggested in [38℄. In this approah bakreation
is modeled in terms of the morphon eld [28℄. In suh a ase a Universe is desribe by a
homogeneous model with the spatial urvature being just a funtion of time. As shown
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in [38℄ suh approah lead to an agreement with supernova and CMB data without the
need for dark energy, but requires qvol < 0.
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Appendix A. Model speiation
There are three arbitrary funtions of the radial oordinate in the LemaîtreTolman.
However only two funtions are independent and the third one is speied by the hoie
of the radial oordinate. Models onsidered in this paper are dened as follows:
(i) Model 1 and 2
The radial oordinate is hosen as the present day value of the areal distane
r := R0. Models 1 and 2 are speied by the present day density distribution
and the time bang funtion. The density distribution is parametrized by
ρ(t0, r) = ρb
[







where ρb = Ωm × (3H20)/(8πG), Ωm = 0.27, H0 = 70 km s−1 Mp−1. In model 1
ρδ = 1.9, σ = 0.9 Mp, and in model 2 ρδ = 1.5, σ = 0.5 Mp. In these models
the big bang is assumed to our simultaneously at every point, i.e. tB = 0. The
funtions M and E are then alulated and using eqs. (6) and (8) respetively.
The time instants as well as bakground density ρb in all models (18) is hosen as
density of a Friedmann model (Ωm = 0.27, H0 = 70 km s
−1
) and time instants are









Ωmat(1 + z˜)3 + ΩK(1 + z˜)2
, (A.2)
where ΩK = 1 − Ωm. The last sattering instant (tLS) is set to take plae when
z = 1089 and the urrent instant (t0) when z = 0  tLS = 4.98 × 105 y, and
t0 = 11.4421× 109 y.
(ii) Model 3 and 4
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As above the radial oordinate is hosen as the present day value of the areal
distane r := R0. These two models are dened by the urrent expansion rate, and
assumption that ρ(t0, r) = ρb. The expansion rate is parametrized using





















σ = 1.2 Mp for model 3 and 4 respetively. In these models density is assumed
to be homogeneous at the urrent epoh. The funtion M is then alulated using
the above relation and eq. (7). It should be noted that the HT is one of several
generalization of the Hubble onstant, whih in the Friedmann model is H0 = a˙/a.
Apart from the transverse Hubble parameter, HT , one an also dene the radial
Hubble parameter, HR, [see eq. (16)℄, and the volume Hubble parameter dened
as HV = (1/3)Θ = HR + 2HT .
(iii) Model 5a
The radial oordinate is hosen as the present day value of the areal distane,
i.e. r := R0. The model is dened by density distributions given at the present
instant and at last sattering. The density distribution at the urrent instant is
parametrized by




where δ = 28170 and rs = 191kpc. This is a Navarro, Frenk, and White galaxy
luster prole [35℄. As an be seen this prole is singular at the origin but this
problem an be overome by mathing the NFW prole with a singularfree prole
as f(r) = −ar2 + b.
The density prole at last sattering is assumed to be homogeneous, thus the areal







The funtion M(r) is then alulated from eq. (6). Funtion E an be alulated
by subtrating solutions of (8) for tLS and t0 (for details see [39℄). The funtion E
is presented in the left panel of gure A1.
(iv) Model 5b
The radial oordinate is hosen as the present day value of the areal distane,
r := R0. The model is dened by density distribution given by (A.4) and E of the
following form





This prole is presented in the left panel of gure A1 and the bang time funtion
tB in the right panel.
































Figure A1. Left panel presents the funtion E(r) for models 5a and 5b. Please note
that the y-sale in the upper part of the left panel is dierent than in the lower part.
Right panel bang time funtion for model 5b.
(v) Models 6 and 7
The radial oordinate is hosen as the value of the areal distane at last sattering
instant, r := RLS. Model 6 and 7 are dened by the assumption that tB = 0 and
the density distribution, whih at last sattering is of the following form
ρ(tLS, r) = ρb
(








where ℓ = 1/kpc; δ = 1.2 × 10−3 and 2 × 10−3 for model 6 and 7 respetively;
γ = 14.62 × 10−4 and 8.03 × 10−4 for model 6 and 7 respetively; a = 0.01 and
0.04 for model 6 and 7 respetively; c = 18 and 12 for model 6 and 7 respetively;
and d = 6 and 5 for model 6 and 7 respetively. The bang time funtion for both
these models is tB = 0. The mass funtion, M(r) is alulated from eq. (6), and
the funtion E(r) is alulated from eq. (8).
(vi) Model 8
The radial oordinate is hosen as a present day value of the areal distane: r := R0.
Density distribution is of the following form
ρ(t0, r) = 6.2ρb exp (−4× 10−8(ℓr)2), (A.8)








whih exept for [exp (10−3ℓr)] is the same as E(r) prole in the empty Universe.
This prole is presented in the left panel of gure A2 and the bang time funtion
tB in the right panel.
































Figure A2. The funtion E(r) (left panel) and tB(r) (right panel) for model 8.
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